The classical location models implicitly assume that the facilities, once built, will always operate as planned. However, some of the facilities may become unavailable from time to time due to disruptions which highlight the urgent need to effectively manage supply chain disruptions in spite of their low probability of occurrence. Therefore, it is critical to take account of disruptions when designing a resilient supply chain network so that it performs well as a whole even after an accidental disruption. In this paper, a stylized facility location problem is considered in a continuous plane which is solved through an improved Voronoi-diagram-based algorithm under disruption risks. The research problem is to minimize the total cost in normal and failure scenarios. Furthermore, the impact of misestimating the disruption probability is also investigated. The results numerically show that although the estimated disruption probability has a significant impact on the facilities configuration, it has a minor impact on the total quantity of facilities and the expected total cost. Therefore, this paper proposes that the decision-maker should moderately overestimate disruption risk based on the "pessimistic principle". Finally, the conclusion considers managerial insights and proposes potential areas for future research.
Introduction
Today's turbulent, fast-changing business environment and growing complexity of globalization has imposed unexpected and inevitable risks to supply chain networks. Supply chains are susceptible to disruptions caused by various risk incidents. The consequences of disruptions are often disastrous, despite their rare occurrence. For example, Ford's fourth-quarter output in 2001 was down 13% compared with its production plan because of a logistics disruption which was caused by airport shut down in response to the 9/11 Attacks [1] . The devastation of Toyota's parts factories in the aftermath of the 2011 tsunami in Japan caused its supply network to be disrupted and six months later, Toyota had to idle some plants in North America due to a shortage of parts, costing $72 million in profits daily; overall auto sales in Japan fell to a 34-year low [2] . Quoting the data from Sáenz & Revilla [3] , on average, the percentage of global companies reporting a loss of revenue due to a supply chain failure increased from 28% in 2011 to 42% in 2013. In addition, according to a worldwide survey, approximately 80% of firms experienced at least one major disruption in recent years culminating in a great loss [4] . Recent global events show frequent reminders that we live in an unpredictable and changing world, and as such, many academicians and practitioners have paid a great deal of attention to supply chain facility disruptions for the purposes of enhancing supply chain decision makers' disruption risk management efficiency and effectiveness. Therefore, in such an uncertain business environment, the facility location problem has become an increasingly important topic.
Facility location problems are among the classical Operations Research (OR) problems with a broad range of research applications [5, 6] . Its essence is to make the optimal decision for facility location, capacity, route design, etc., in a given space to minimize cost or maximize market coverage. In the context of the supply chain, "Facility" usually refers to the business unit or entity which is able to systematically integrate human resources, capital, material, equipment, and technology, etc., together to produce a product or service or to achieve some planned function. Facility location decisions may be the most critical and most difficult of the decisions to accomplish an efficient and effective supply chain which aims at its strategic goal [6] . So, facility location problems have been investigated extensively in the past, due to their wide applications in various contexts.
Whereas traditional location models generally assume that facilities, once built, will always be available and perfectly reliable throughout the planning horizon. In today's complex and dynamic environment, facilities are increasingly vulnerable to partial or complete disruption which has become one of the main threats to supply chain management [7] . Various risk incidents, e.g., natural disasters, key-supplier bankruptcy, labor strikes, or terrorist attacks, showed that the business environment is becoming more and more uncertain and fragile [8] [9] [10] . Furthermore, wide spreading global procurement, decentralized production, outsourcing, supplier reduction, minimizing inventory, etc., increased the supply chain vulnerability, and highlighted the importance and urgency of proactive supply chain disruption risk management [11] [12] [13] . Therefore, the reliable facility location problem (RFLP) with the disruption risk factor considered is an important topic which needs the further investigation of scholars and practitioners.
Although supply chain management literature is now beginning to explore how to best to build resilience into supply chain network design, with increasing attention, especially toward mitigate facility disruption risks, the relational research is still in its infancy. To increase system resilience and reliability against supply chain disruptions when designing supply chain networks, some reliable models have appeared only more recently. To our knowledge, the first reliable location model was introduced by Snyder & Daskin [14] to deal with facility disruption which started the study on the reliable location problem. Although reliable location models with disruptions consideration have gained much attention, this topic is still understudied and very few studies have focused on the continuous location problem which was introduced as an alternative for solving large-scale problems to overcome the deficiency of the discrete model [15, 16] . Aiming to mitigate facility disruption risks by creating resilient supply chains network, this paper will consider a stylized facility location problem in a continuous plane solved through an improved Voronoi-diagram-based algorithm under the risk of disruptions. The research problem is to minimize the total system cost, including initial facility investment and expected transportation cost in normal and failure scenarios. Furthermore, the impact of misestimating the disruption probability is also investigated.
The remainder of the paper is organized as follows. The related literature is reviewed in Section 2. Section 3, states the research problem and formulates it into a continuous location problem which incorporates facility disruption risk, the empirical results are discussed. And the algorithm's solving performance is addressed by sensitivity and robustness analysis. The paper concludes in Section 4 with limitations and recommendations for future research.
Literature Review
Facility location is a well-established research area within OR. According to the decision variables, the facility location problem can be classified into discrete location problems and continuous location problems [17] . Therefore, the American Mathematical Society developed specific codes for the location problem: 90B80, discrete location and distribution; 90B85, continuous location problem [18] . The discrete location problem, usually defined as an optimal decision of the sites where new facilities are to be established, is restricted to a finite set of available candidate locations [14, 15, 19] . It seeks optimal facility locations and demand assignments to balance the tradeoff between initial fixed construction costs and day-to-day transportation costs. For example, Manthey & Tijink [19] Sustainability 2018, 10, 3099 3 of 13 addressed the perturbation resilience by optimizing an uncapacitated discrete facility location problem. Although the discrete location model reflects reality more accurately in most cases, the researchers hold negative views on the practicality of the model in large-scale problems [20] . Most discrete location models are nondeterministic polynomial (NP) hard and suffer from excessive computational burden. To overcome this deficiency, continuum approximation (CA) models are often developed as an alternative to provide good approximate solutions to large-scale problems. CA models regard the numerous demand points can be properly approximated by a continuous function and the potential facilities are not restricted to a set of given candidate locations. Then, the whole demand plane is divided continuously and each subregion is covered by an assigned facility to satisfy it. In this way, the continuous subdemand regions and facilities could be described as a Voronoi diagram.
However, in the traditional facility location model, most of the studies assume that facilities are always available and perfectly reliable. In today's complex and dynamic environment, facilities are increasingly vulnerable to disruptions. There are numerous examples of disruptions that have resulted in significant losses to the whole supply chain network. Research on the reliable facility location problem, wherein some facilities are subject to disruption from time to time, is an emerging field in recent decade [11] . There are some different classifications about disruption scenarios in academia [21] [22] [23] . For example, the disruption originated from natural disasters, unforeseen discontinuities in supply, operational accidents, deliberate actions, information system failure, terrorism, and political instability, etc. In this paper, from the perspective of disruption inducement, the disruption scenario is divided into random disruption and nonrandom disruption. Random disruption refers to the disruptions triggered by accidental and unpredictable events, such as typhoon, earthquake, floods, fires, and other natural disasters, etc. The latter refers to the disruptions caused by deliberate actions, e.g., terrorist attacks, labor strikes, malicious competition, etc. More specifically, the disruption scenario in this study refers to the random disruption.
To increase supply chain resilience and reliability against unexpected disruptions, a number of reliable models have been proposed recently. To our best knowledge, Snyder & Daskin [14] conducted the first research on the reliable facility location problem. With the assumption that the disruption probabilities of the facilities are mutually independent and equal, an uncapacitated fixed-charge location problem (UFLP) was studied based on a p-median problem. There are only a few papers that examine facility location problems in the presence of disruption risk using the CA model. Lim et al. [24] focused on a continuous facility location problem under disruption risk with the option of hardening selected facilities. Their model is also constructed based on the assumption that disruption probabilities are independent and the demand follows a continuous uniform distribution. Cui, Ouyang & Shen [6] proposed a CA model to study the same problem with a relaxed assumption of homogeneous failure probabilities to location specific probabilities. Their model aims to minimize initial setup costs and expected transportation costs in normal and failure situations. Li & Ouyang [25] expanded this direction to spatially correlated, site-dependent disruption probabilities. This paper develops a CA model to minimize the sum of initial facility construction costs and expected customer transportation costs under normal and failure scenarios. The paper also analyzes the influence of spatial distribution characteristics of continuous region and the change of disruption probability on the model. Wang & Ouyang [26] presents game-theoretical models based on a CA scheme to optimize service facility location design under spatial competition and facility disruption risks. In addition, considering the risks of demand, supply, and finance, Jabalameli et al. [5] studied capacitated continuous location problem.
In brief, there are two limitations of the extant studies in continuous location problem. The first is the division of the target plane which is still seriously understudied. In CA models, the key issue is how to divide the whole target plane continuously as Voronoi diagram which determines the solving efficiency. To our best knowledge, in the existing related literature, Novaes et al. [27] studies the continuous facility location problem in an irregular region (Figure 1a) . While the researches of Jabalameli et al. [5] (Figure 1b) , Li & Ouyang [25] (Figure 1c) , and Cui, Ouyang & Shen [6] (Figure 1d) transform the target area to regular geometric plane graphics. As shown in Figure 1b -d, the regular division on the target area aims to generalize the research. Otherwise, as shown in Figure 1a , although irregular division is more realistic, it needs to evaluate the definite integral of the six subregions. So it is still a discrete problem in essence. If the quantity of subregions increases, the solving process would become extremely difficult. Therefore, as a "compromise", the target area must be regularly divided into subregions with same geometry to achieve an expected solution. Obviously, the division rule of the target area is one of the key factors that affect the optimal solution. In addition, it should be noted, due to the low efficiency (see Figure 1b ) and the complexity (see Figure 1c,d ) of the division, the large-scale problems could not be addressed effectively and efficiently.
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The demand area A is assumed uniformly distributed with a density of ρ. The decision maker tries to locate a set of facilities to satisfy all the demand while taking into account of random facility disruptions. Similar to Snyder & Daskin [13] , two types of facilities are considered: (1) unreliable facilities, which are subject to random disruptions; and (2) reliable facilities, which are not subject to random disruptions by additional hardened investment. In order to satisfy the whole demand region, each subregion would be served by allocating a reliable/unreliable facility as its initial allocation, where 1 − q is the probability that the facility is available. In case the disruption of the initial allocated unreliable facilities, there is a closest reliable facility for each region as backup. In addition, the supply chain decision makers are assumed risk-neutral. Therefore, the objective of the model is to minimize the expected total cost (TC) of locating n R reliable facilities and n U unreliable facilities, expected transportation cost between facilities and demands.
where, the term f R n R + f U n U is the fixed cost of locating n R reliable and n U unreliable facilities, and the term d · ρSc is the expected transportation cost between facilities and demands. Consider a subregion G• from the whole service area G that is sufficiently large. Assuming there is a possibility that the transportation cost of a nearer region to a facility maybe ignored. Thus, as shown in Figure 2a , the area of the hexagon G• is S• = 3 2 √ 3A•, and the shaded part in G• means the nearer area where the transportation cost is ignored. In addition, the Cartesian coordinate system is adopted in this paper.
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Consider a subregion G  from the whole service area G that is sufficiently large. Assuming there is a possibility that the transportation cost of a nearer region to a facility maybe ignored. Thus, as shown in Figure 2a , the area of the hexagon G  is 3 3 2 S A =   , and the shaded part in G  means the nearer area where the transportation cost is ignored. In addition, the Cartesian coordinate system is adopted in this paper. As a result, the expected distance between a facility in the center of a demand subregion and any one demand node can be obtained according to Figure 2a .
where F D (x) is the ratio of the shaded part to the whole hexagon area, i.e., F D (x) = x 2 /S•. Moreover, assuming that G• is covered by n• facilities and each serving a diamond area of S•/n• which means the subregion is divided further as honeycomb grid as shown in Figure 2b . Each subregion is a separated demand area with a deployed facility, and the n• facilities make a set of facilities; assuming there is only one reliable facility in the facility set. Because the reliable facility does not fail, the optimal location strategy is to locate the reliable facility in the center of A• surrounded by n • −1 unreliable facilities. Thus, each subregion will be served by the facility as its primary assignment and by the reliable facility from the center as an emergency backup assignment when one of or some of the n • −1 unreliable facilities fail.
According to formula (2), if its own facility is working in each grid, the expected distance between the facility and demand is 
Furthermore, as mentioned above, considering the whole service area G with total area of S is composed of numerous continuously distributed subregions G•. Obviously, it is an optimal solution for a sufficiently large area. But for a finite service region, the division would be an approximate optimal solution because of its specific boundary. The whole area is divided into n T = (n R + n U ) honeycomb subregions, and there are n R reliable facilities and n U unreliable facilities totally.
In each grid, the expected distance between the facility and demands is 2 3
S n T
. So the expected transportation cost for serving the whole demands in the service region when all the unreliable facilities failed, i.e., the expected transportation costs for serving the whole demands by all reliable facilities, is 2 3 S n T ρSc n R n T . Accordingly, the expected transportation cost for serving the whole demands in the service region G is
Furthermore, considering the proportion of unreliable facilities and reliable facilities n U /n R , each grid with reliable facility is surrounded by n U /n R grids with unreliable facilities.
Further, the expected total cost can be derived by the combination of facility setup cost and the expected transportation cost:
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Thus, the following is obtained by necessary algebra means:
where ψ = 2 3 ρA 3 2 c is a constant. The optimal quantity of reliable and unreliable facilities can be obtained by taking the derivative of formula (7):
Since n * R ≤ n * T , the optimal solution is given as follows: When q ≤ 1 − f U / f R , the optimal solution is formula (8); when q > 1 − f U / f R , it is optimal to deploy only reliable facilities or harden all unreliable facilities to reliable ones as shown in formula (9),
Therefore, the optimal solution of the problem is given by: Proposition 1. The disruption probability threshold q th = 1 − f U / f R divides supply chain network into two categories: When q ≤ 1 − f U / f R , it is optimal to deploy both two types of facilities as formula (8) stated; When q > 1 − f U / f R , it is optimal to deploy only reliable facilities or harden all unreliable facilities to reliable facilities as formula (9) stated.
Based on Proposition 1, the threshold q th approaches zero when f R is close to f U . This means that if the disruption probability of supply chain facilities is large or the incremental hardening cost of unreliable facilities is relatively small, the best decision is to deploy only reliable facilities. On the contrary, if the disruption probability is relatively small or the hardening cost of unreliable facilities is large enough, it is optimal to deploy both two types of facilities.
It should be noted that the precondition of this paper is that all the demands should be fully met, which means the supply chain network as a whole is not disrupted in virtue of the reliable facilities. Therefore, considering all facilities are unreliable is outside of the scope of this paper.
By substituting formulas (8) and (9) into formula (7), the optimal expected total cost E[TC(n * R , n * U )] is obtained:
q > q th (10) In this section, the numerical experiments will be used to show the advantage of the CA model for the problem in a continuous plane. Assuming that the target demand area A is 150,000 km 2 which is uniformly distributed with a density of ρ = 300; setup cost of reliable and unreliable facilities are f R = 1,500,000, f U = 1,000,000; the transportation cost per unit demand per unit distance c = 0.75; the facilities disruption probability q = 0.05. Therefore, the optimal solution can be obtained (Table 1) . In supply chain literature on reliable facility location, the estimation of disruption probability is usually assumed perfectly accurate while there has very limited discussion on the misestimating disruption probability [24, 31, 32] . However, as mentioned above, the uncertainty in dynamic environments or misestimating the disruption probability would definitely affect the optimal solution. Therefore, this paper argues that it is necessary to further analyze the impact of misestimating the disruption probability to enhance the robustness of the model.
Firstly, the sensitivity of the optimal solution n * R , n * T to the disruption probability q is analyzed.
Based on formula (8),
, we obtained the derivations of q:
Then the sensitivity analysis of the numerical example is showed in Table 2 . The result shows that when q is small (e.g., q ∈ (0, 0.15)), n * R is relatively sensitive to q; while n * T is not sensitive to q. So, when the q is small, the total quantity of facilities is relatively stable and the quantity of reliable facilities will vary significantly with q. Then is the further study on the impact of key parameters on optimal solution. This paper will investigate how the disruption probability q and the facility hardening cost factor r affect the expected total cost and the quantities of the two types of facilities. Firstly, assuming the value of f U and c remains fixed at its initial value, and the value of q is supposed to change from 0.01 to 0.5. Then, in addition to initial f R = 1,500,000 (r = 1.5), we will consider the following three situations, i.e., f R = 1,250,000, f R = 1,750,000, and f R = 2,000,000, accordingly, we obtain the value of r in four situations, i.e., 1.25, 1.5, 1.75, and 2, respectively. The results are shown in Figure 3a ,b. Figure 3a illustrates the changes of the expected total cost with q and r, and Figure 3b reflects the relation of the facility quantities with q and r. Obviously, the quantity of facilities is relatively sensitive to q when q is small, and when q is large, all facilities are hardened and upgraded to reliable ones.
In addition, as Figure 3b shows, it is interesting to note that both facilities will be deployed when the disruption probability is lower than the threshold q th . However, when the disruption probability is larger than the threshold q th , only the reliable facilities will be deployed. This suggests that misestimation will significantly impact the supply chain network design, especially when the disruption probability is small. Therefore, in the next section, how the misestimation of the disruption probability impacts the expected total cost will be addressed.
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Furthermore, since the misestimation of disruption probability impacts the expected total cost, the absolute and relative changes of the expected total cost when r = 1.5 (Figure 4a ,b) will be investigated first. In both Figure 4a ,b, q is the true disruption probability, q ∧ is the estimated disruption probability,∧ − is the estimation error, and Comparing Figure 4a ,b, although the misestimation will significantly impact the supply chain network design, the expected total cost is not sensitive to the estimation error of q. For example, when Comparing Figure 4a ,b, although the misestimation will significantly impact the supply chain network design, the expected total cost is not sensitive to the estimation error of q. For example, when the true disruption probability q = 0.05 and the estimated disruption probability ∧ q = 0.001 which has dramatically changed the quantity of facilities, the impact on the expected total cost is less than 7%. Even when relative estimation error is 50%, the impact on the expected total cost is still less than 3%.
Furthermore, the different combinations of q and ∧ q are presented in Table 3 in which the expected total cost will significantly change with the increase of r. The above analysis shows that, although the estimated disruption probability has a significant impact on the facilities deployment, the impact on the total quantity of facilities and the expected total cost is very small which means the model has strong robustness. Further, according to Figure 4a , the impact of misestimation of q is relatively large when the value of q is small. But the impact will be reduced with the increase of q. When q > q th , e.g., q th = 0.2, the changes of q will not affect the total cost because all the facilities have been upgraded to reliable facilities.
In addition, although the studies above show that the model is relatively robust to the misestimation of q, the misestimation interval will increase when the disruption probability increase. Therefore, it is particularly important to consider the solving performance of the model in the worst case scenario. As shown in Figure 5 , the expected total cost error will be less than 12% when r = 1.25 and the misestimation of disruption probability is the true disruption probability q = 0.05 and the estimated disruption probability 0.001 q ∧ = which has dramatically changed the quantity of facilities, the impact on the expected total cost is less than 7%. Even when relative estimation error is 50%, the impact on the expected total cost is still less than 3%.
Furthermore, the different combinations of q and q ∧ are presented in Table 3 in which the expected total cost will significantly change with the increase of r. The above analysis shows that, although the estimated disruption probability has a significant impact on the facilities deployment, the impact on the total quantity of facilities and the expected total cost is very small which means the model has strong robustness. Further, according to Figure  4a , the impact of misestimation of q is relatively large when the value of q is small. But the impact will be reduced with the increase of q. When q > qth, e.g., qth = 0.2, the changes of q will not affect the total cost because all the facilities have been upgraded to reliable facilities.
In addition, although the studies above show that the model is relatively robust to the misestimation of q, the misestimation interval will increase when the disruption probability increase. Therefore, it is particularly important to consider the solving performance of the model in the worst case scenario. As shown in Figure 5 , the expected total cost error will be less than 12% when r = 1. In addition, by comparing the Figures 4 and 5 , this paper finds that the expected total cost difference caused by underestimation of the disruption probability q is significantly larger than that of the equivalent overestimation. Therefore, the finding supports the view of this paper: the decision maker should moderately overestimate the disruption risk of the supply chain facilities based on the "pessimistic principle". Although the quantity of reliable facilities will increase in a certain degree, the total quantity of facilities is relatively stable. In addition, by comparing the Figures 4 and 5 , this paper finds that the expected total cost difference caused by underestimation of the disruption probability q is significantly larger than that of the equivalent overestimation. Therefore, the finding supports the view of this paper: the decision maker should moderately overestimate the disruption risk of the supply chain facilities based on the "pessimistic principle". Although the quantity of reliable facilities will increase in a certain degree, the total quantity of facilities is relatively stable.
Conclusions
This paper considers a facility location problem in the presence of random facility disruption with imperfect estimation of the disruption risk. This paper proposes a new research program that divides the target area according to scientific honeycombed division, and the continuous approximation model is constructed to deal with the plane continuous facility location problem. Further, this paper discussed the algorithm's solving performance by sensitivity analysis and robustness analysis in consideration of the imperfect estimation on the disruption risk.
Theoretically, this study contributes to the literature in a number of ways. First of all, this study adds to the emerging literature on supply chain sustainability community from an operational dimension. As discussed above, the failure of the supply chain would incur actual negative impacts on operational continuity and sometimes even threaten the very survival of the firms involved in the supply chain. This paper provides a new research program theoretically. Second, this paper improved the performance of the Voronoi-diagram-based algorithm. As discussed above, a regular hexagonal grid is the best way to divide a plane into subregions of equal area and it is a significant improvement in the field of continuous location problem. Third, the supply chain literature has very limited discussion on the impact of misestimating disruption probability. This study fills this gap by comprehensively analyzing the robustness of the model.
Managerially, based on our findings, some managerial insights and guidelines are summarized for decision makers designing a resilient supply chain network. (1) When the disruption probability q is large enough, the supply chain decision makers should upgrade all the facilities to the reliable one. On the contrary, when the disruption probability is small, two types of facilities are deployed. So, the disruption probability threshold q th is obtained. It shows that q th is only related to the cost of two types of facilities, rather than the disruption probability q. (2) When the true disruption probability is relatively small, the expected total cost is not sensitive to the changes of disruption probability q. Therefore, misestimation to a certain degree is equally acceptable. More specifically, only if the unreliable facility hardening cost factor r and estimation error of disruption probability is not too large, the misestimation of disruption probability just slightly affects the expected total cost. Therefore, the validity of the model is further proved. (3) The expected total cost difference caused by the underestimation of disruption probability q is significantly higher than that of the equivalent overestimation. It means the decision-makers should moderately overestimate the risk of disruption based on the "pessimistic principle". Therefore, taking all the demands is fully met as a prerequisite, i.e., the supply chain network undisrupted as a whole, although overestimation of disruption probability will increase the quantity of reliable facilities, to a certain degree, the total quantity of facilities is relatively stable. This principle is more practicable in actual decision-making.
A limitation of this study poses new questions and promising future research. First, this paper does not consider partial facility failures that make a facility partially reliable. Second, the disruption probability of unreliable facilities is considered as random and independent in this paper. Last, capacity is not considered as a constraint variable in this paper based on the classical UFLP. It would be informative to investigate how insights would change given capacity as an endogenous variable. So, to implement these works in future, the model would be redefined by introducing new decision variables, and the algorithm has to be modified both. 
